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Abstract

We contribute to the refined understanding of language-logic-algebra inter-
play in a recent algebraic framework over countable words. Algebraic charac-
terizations of the one variable fragment of FO as well as the boolean closure
of the existential fragment of FO are established. We develop a seamless inte-
gration of the block product operation in the countable setting, and general-
ize well-known decompositional characterizations of FO and its two variable
fragment. We propose an extension of FO admitting infinitary quantifiers to
reason about inherent infinitary properties of countable words, and obtain a
natural hierarchical block-product based characterization of this extension.
Properties expressible in this extension can be simultaneously expressed in
the classical logical systems such as WMSO and FO[cut]. We also rule out
the possibility of a finite-basis for a block-product based characterization of
these logical systems. Finally, we report algebraic characterizations of one
variable fragments of the hierarchies of the new extension.
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1. Introduction

Monadic Second-Order (MSO) logic is a natural logic to express prop-
erties of words. Over finite words, Biichi-Elgot-Trakhtenbrot theorem [I]
establishes that languages definable in MSO are precisely regular languages.
Regular languages admit a variety of well-known characterizations [1} 2, [3]
such as describability by regular expressions, acceptance by finite state au-
tomata, or recognition by finite monoids. The seminal results of Biichi [4],
Rabin [5], Shelah [6], and Carton et.al [7] show that this close relationship
between logical expressiveness and language recognizability remains true not
just over finite linear orderings but also over infinite words like w-words
and countable words. The effective translation between MSO and an au-
tomata/algebra model gives decidability of MSO over these linear orderings.
The classical result of Shelah (also in [6]) shows that over reals (uncountable
orderings) MSO is undecidable. In this paper, we focus on analysing the
expressive power and decidability of various logics over countable words.

One can effectively associate, to a regular language of finite words, its
syntactic monoid. This canonical algebraic structure carries a rich amount
of information about the corresponding language. Its role is highlighted by
the classical Schiitzenberger-McNaughton-Papert theorem [8] 9] which shows
that aperiodicity property of the syntactic monoid coincides with describa-
bility using star-free expressions as well as definability in First-Order (FO)
logic. Building on the work of Shelah [6], Carton et. al. [7] proposed an
algebraic model, ®-monoid, that recognize exactly those languages defin-
able by MSO over countable linear orderings. This framework extends the
language-logic-algebra interplay to the setting of countable words. The alge-
braic approach paves the way for equational characterizations of logics and
hence decidability of the problem of definability in the said logics. Building
on the work in [7], algebraic characterization for variety of sub-logics of MSO
over countable words is carried out in [I0]. In particular, this work provides
algebraic equational (hence decidable) characterizations of FO,FOl[cut] — an
extension of FO that allows quantification over Dedekind-cuts and WMSO —
an extension of FO that allows quantification over finite sets. A decidable
algebraic equational characterization for the two variable fragment of FO
(denoted by FO?) over countable words is presented in [11].

We begin our explorations in Section |3| with the small fragments of FO
over countable words. We provide an equational characterization (Theo-
rem [3) for FO! — the one variable fragment of FO. Coupled with the results
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in [I1] and [I0] on the equational characterization of FO? and FO = FO? (see
[12]), we have complete equational characterizations of FO fragments defined
by the number of permissible variables. Our next result in the same sec-
tion (Theorem [4)) extends Simon’s theorem on piecewise testable languages
to countable words and provides a natural algebraic characterization of the
Boolean closure of the existential-fragment of FO.

It turns out that the algebraic landscape of small fragments of FO over
countable words parallels very closely the same landscape over finite words.
This can be attributed to the limited expressive power of FO over countable
words. For instance, Bes and Carton [I3] showed that the seemingly natural
‘finiteness’ property (that the set of all positions is a finite set) of countable
words can not be expressed in FO!

In Section [6] we extend FO with new infinitary quantifiers. The main
purpose of our new quantifiers is to naturally allow expression of infinitary
features that are inherent in the countable setting. An example formula
using such an infinitary quantifier is: 3%z a(z) A =3z b(x). In its natural
semantics, this formula with one variable asserts that there are infinitely
many a-labelled positions and only finitely many b-labelled positions. We
propose an extension of FO called FO[oo] that supports first-order infinitary
quantifiers of the form 3°°+z to talk about existence of higher-level infinitely
(more accurately, “Infinitary rank” k) many witnesses z. We organize FO[oo]
in a natural hierarchy based on the maximum allowed infinitary-level of the
quantifiers. We prove that FO[oo] properties can be expressed simultaneously
(Theorem [§)) in FO[cut] as well as WMSO.

The other main results of this work are decomposition theorems in the
countable setting. The seminal result of Krohn-Rhodes decomposition the-
orem [14] shows that any finite monoid can be built from groups and the
monoid U; (a unique 2-element monoid) using a block-product construction
[15]. There are other prominent examples in this line of work. A charac-
terization of FO-logic (resp. FO?, the two-variable fragment) in terms of
strongly (resp. weakly) iterated block-products of copies of U is presented
in [I5] (resp. [16]).

Motivated by the decisive role played by block products in the standard
settings [15] 3], we introduce block products in the countable setting in Sec-
tion Al The block product construction associates to a pair of ®-monoids
(more precisely, @-semigroups) (M, N) a new ®-monoid (more precisely, &-
semigroup) MON. From a formal-language theoretic viewpoint, the impor-
tance of the block product construction is best described by the accompa-



76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

nying block product principle (Theorem . Roughly speaking the block
product principle says that evaluating a countable word v in MLIN can be
achieved by the following two-stage process:

1. evaluate the word uw in M and label every position x of u with the
additional information about evaluations of u., and u~, in M where
U<y and us, are such that v = u_,ulr]us, (that is, u., and u-, are
the left and right factors/contexts at position z);

2. evaluate this extended word (with the additional information) in N.

Said differently, M ‘operates’ on u as usual; while when N ‘operates’ on u,
it has access, at every position, to evaluations of M on left-right contexts at
that position. Our block product construction and the accompanying block
product principle extend naturally the results from finite words to countable
words. Furthermore, we give decompositional characterizations of FO and
FO? over countable words (Theorems 7| and |§| respectively) - again natural
extensions of analogous results over finite words.

In Section [7], we extend the block-product based characterization of FO
to FO[oo| (Theorem [10). Towards this, we identify an appropriate simple
family of ®-algebra and show that this family (in fact, its initial fragments)
serve as a basis in our hierarchical block-product based characterization.
We also show that the language-logic-algebra connection for FO' admits
novel generalizations to the one variable fragments of the new hierarchical
extensions.

In Section , we present a ‘no finite block-product basis’ theorem (Theo-
rem for FO[oo], FO[cut], and the semantic class FO[cut] N WMSO. The
theorem states that no finite set of ®-algebras closed under block products
recognize all languages definable in these logics. This is in contrast with FO
where the unique 2-element ®-algebra is a basis for a block-product based
characterization. To prove the above result we identify a natural combinato-
rial measure called gap-nesting-length that is shown to be well-behaved with
respect to the block product operation.

The rest of the article is organized as follows. Section [2| recalls basic no-
tions about countable words and summarizes the necessary algebraic back-
ground from the framework [7]. Section [3| deals with the small fragments
of FO: FO! and the Boolean closure of the existential fragment of FO. In
Section [] and Section [5] we develop the algebraic apparatus of block product
operation and weakly iterated block-product based characterization of FO?.

4
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Section [6] is devoted to FO[oc] and its relation with FO[cut] and WMSO
and in Section [7], we provide the relevant characterizations. Section [§is con-
cerned with the ‘no finite block-product basis’ theorems. We finally conclude
in Section [

The results presented in Sections [3] [6] [7} and [§] are an elaboration and
extension of the work that appeared in FCT 2021 [I7]. In order to make
this article self-contained, we have also included relevant work of the authors
(Sections[d], and[f]) that was presented in LICS 2019 [18]. This paper includes
the full proofs of the results, many of which are not present in the conference
proceedings.

2. Preliminaries

In this section, we briefly present some mathematical preliminaries of
countable linear orderings, and recall the algebraic framework developed
in [7].

A countable linear ordering (or simply ordering) o = (X, <) is a countable
set X equipped with a total order <. An ordering § = (Y, <) is called a
subordering of o if Y C X and the order on Y is induced from that on
X. We denote by w,w* and n the orderings (N, <), (=N, <) and (Q, <)
respectively. A subordering (I, <) of « is called convex if for any = < y € I,
and z € a, * < z < y implies z € I. A subordering (I, <) of a is dense in «
if for any two points x < y € «, there exists z € [ such that x < z < y. For
example, (Q, <) is dense in (R, <) and (R, <) is dense in itself. If a linear
ordering is dense in itself, we simply call it dense. A linear ordering is called
scattered if all its dense suborderings are singleton or empty. The generalized
sum of countably many (disjoint) linear orderings f; = (X;, <;) which are
themselves indexed by some linear ordering o = (Y, <) is the linear ordering
Yica Bi = (Z,<') where Z = | J,,, X and for any two points 7,y € Z, v <"y
if either  <; y or x € X;, y € X; and ¢ < j. The book [19] contains an
in-depth study of linear orderings.

A countable word w is a labelled countable linear ordering. More formally,
given a finite alphabet ¥ and a countable linear ordering «, a countable word
(or simply word) w is a map w : @ — X. We call a the domain of w, denoted
dom(w). For a word w, we say a point or position x in the word to refer
to an element of its domain. The notation w[z] denotes the letter at the
2" position in the word w. A subword is a restriction of a word w to some
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induced subordering I of its domain, and is denoted by w;. If I is convex,
then wy is called a factor.

For two countable words u and v, we will denote by uv the countable word
formed by the concatenation of u and v. The generalized concatenation of a
countable sequence of words (u;);eo indexed by a linear countable ordering
a is the unique word [[,., w; = v where dom(v) = >, dom(u;), and v|x] =
w;z] if z € dom(u;).

The following countable words are of special interest. The notation e
stands for the empty word (the word over the empty domain). The w-word,
a“ denotes the word over the domain (N, <) such that every position is
mapped to the letter a. Similarly, the w*-word a*" denotes the word over
the domain (—N, <) where every position is mapped to letter a. A perfect
shuffle over a nonempty set P C ¥ of letters, denoted by P, is the word w
over domain (Q, <) such that w[z] € P for all positions z in dom(w) and for
any a € P, any x < y in dom(w), there exists z € dom(w) such that w(z] = a
and x < z < y. This is a unique word up to isomorphism [19].

Example 1. The word (a”)“ denotes the countable word formed by gener-
alized concatenation of w many words a*. Similarly, for any countable word
u, the word ¥~ denotes the countable word formed by generalized concate-
nation of w* many words u. Note that upto isomorphism the words (a”)“,
(am)*", and (a)", is the same word.

For an alphabet X, the set of all countable words is denoted by ¥® and
the set of all countable words over non-empty domain is denoted by X9.

We now recall the algebraic framework from [7]. A @-semigroup (S, )
consists of a set S with an operation = : S¥ — S such that, 7(a) = a
for all @ € S and 7 satisfies the generalized associativity property — that is
T([Ticq wi) = 7([l;cq ™(w;)) for every countable linear ordering a. If the
generalized associativity holds with 7 : S® — S, then (S, 7) is called a ®-
monoid. It is easy to see that, in this case, the element 1 = 7(g) of S is the
neutral element of S. The defining property of a neutral element 1 is that:
for every word u € S, if the word u|,; is the subword obtained by removing
every occurence of the element 1 and u| 4 is non-empty, then 7(u) = 7(ul..1).

It is easy to see that if a given @-semigroup (5, 7) does not admit a
neutral element, we can construct a ®-monoid on the set S' = SU 1 by
introducing an additional element 1 and by extending « suitably to S*% so
that 1 becomes the neutral element. On the other hand, if ®-semigroup
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contains a neutral element, say 1 € S, then (S5, 7) is already a ®-monoid
with 7(e) = 1. In this case, we simply set S* = S.

A @-semigroup or ®-monoid (S, 7) is called finite if S is finite. For a set
Y, (B9 ]]) (resp. (X®,]])) is the free @-semigroup (resp. free @-monoid)
generated by X.

Example 2. U; = ({1,0},7) is a finite ®-monoid where 7 is defined for all

u € {1,0}* as:
() = {1 if u e {1}®

0 otherwise

Here 7 satisfies the generalized associativity property because no matter
which factorization of u we take, the output of 7w applied directly on u equals
the output of 7 applied in two stages — first on the factors, and then on the
countable word formed by the outputs of the previous stage. Let us consider
the word w = (011)“. We have 7(u) = 0 since u contains 0. If we consider the
factorization u = [, (011), then note that 7(][,. (7(011)) = 7(] [, 0) =
0 which indeed equals 7(u).

€W

Let (S,m) be a @-semigroup. Note that even if S is finite, 7 need not
be finitely presentable and hence not suitable for algorithmic purposes. For-
tunately, it is possible to capture 7 through finitely presentable operators.
This is precisely the reason for introducing ¢-algebras.

A @-algebra (S,-,7,7*, k) consists of a set S with - : S — S;7: S5 —
S,7*: S — S k: 29\ {0} — S such that (with infix notation for - and
superscript notation for 7, 7%, k)

A-1 (S,) is a semigroup.
A2 (a-b)"=a-(b-a)” and (a")” = a” for a,b € S and n > 0.
A3 (b-a)” =(a-b)" -aand (a")” =a" fora,be Sandn > 0.

A-4 For every non-empty subset P of S, every element ¢ in P, every subset
@ of P, and every non-empty subset R of { P*,a-P", P*-b,a-P"-b| a,b €
P}, we have P" = P*. P" = P*.c. PX = (PR)T = (P%-¢)" = (PX)7 =
(c- PH)™ = (QU R)".

A ®-algebra is a ®-algebra with a special element 1 where (.S, -, 1) is a monoid,
1" =17 = {1}* = 1 and for all non-empty subsets P C S, P* = (P U{1})~.



211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

A @-semigroup naturally induces a @-algebra. We simply set a - b =
m(ab), a™ = 7w(a¥),a” = w(a®") and P* = 7(P"). Similarly a ®-monoid
naturally induces a ®-algebra with the special element being the neutral
element.

Example 3. The ®-algebra induced by U; (recall Example is given below.
It plays a crucial role in this work and will also be denoted by Uj.

| Il
1 1
0 0
The following is one of the fundamental results of [7, Lemma 3.4 and

Theorem 3.11], enabling us to work with @-semigroup and @-algebra inter-
changeably as we see fit.

0 otherwise

0
0
0

O = =

T . -
: 5”:{1 if § = {1}
0

Theorem 1 ([7]). A @-semigroup (S, 7) induces a unique ®-algebra. Also,
any finite ®-algebra is induced by a unique O-semigroup.

The proof of Theorem |1} is accomplished in [7] via the novel concept of
evaluation trees. Given a @-semigroup (S, -, 7, 7", k), it helps in construction
of a unique generalized associativity satisfying map 7: S® — S such that
(S, ) induces the @-algebra (S, -, 7,7, k).

Definition 1. An evaluation tree over a word u € S% is a tree T = (T,1)
where T' is the set of vertices, and ¢: T — S assigns a value of S to each
vertex. Every branch/path of 7T is of finite length and every vertex in 7' is a
factor of u. In particular, the root is u. The children of a vertex represent a
factorization of the (parent) vertex, and thus the (countable linear) ordering
of the children is important. The tree has the following properties:

e A leaf is a singleton letter a € S such that ¢(a) = a.
e Internal nodes have either two or w or w* or  many children.

e If w has two children v; followed by vy, then w = vyv, and t(w) =

t(v1) - t(vg).

e If w has w sequence of children (vy, vs, ... ), then there is an idempotent
e such that e = ¢(v;) for all i > 1, and w =[], v; and t(w) = €.

=)
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e If w has w* sequence of children (..., v_5,v_1), then there is an idem-
potent f such that f = «(v;) for all ¢« < —1, and w = [[,._. v; and
W(w) = [

e If w has children (v;);e, over 7, then w = [[,., v; such that [, ¢(v;)
is the perfect shuffle of some £ C 5, and «(w) = E*.

1Ew*

The value of T is defined to be ¢(u). Further an ordinal rank can be associ-
ated to each node of T such that the rank of a node is greater than the rank
any of its children. This can be used as an induction parameter to reason
about any countable word u € S®. Tt was shown in [7, Proposition 3.8 and
3.9] that every word u has an evaluation tree and the values of two evaluation
trees of u are equal. Setting 7(u) = ¢(u) creates the necessary map, as it is
shown that 7 defined this way satisfies generalized associativity. Therefore,
a @-algebra defines the generalized associativity product 7: S® — S. The
correspondence between @-semigroups and @-algebras permits interchange-
ability; we implicitly exploit this.

Example 4. Consider the ®-algebra Gap = (M,-,7,7%, k) where M =
{1,01,01),(1,0), g}, and the operations are defined as follows for M.

-1 0D a0y *
L1 11 D (0 Oy 11
DD g ) | (] o
OO 1 D g g g DO Sﬂz{l lfS—‘.{l}
(1| (1 O 0 O g ()| (] g otherwise
OO O g g g g | g

919 9 9 9 9 9 g 149

It can be easily verified that Gap satisfies the axioms of ®-algebra. Following
our discussion, any countable word v € M® is assigned a unique value by this
algebra via some evaluation tree for u. For instance consider the evaluation
tree for the word [ ]“[ 1" consisting of a root with two children where the left
(resp. right) child represents the word [1“ (resp. [1“7); the left (resp. right)
child has w (resp. w*) many children [] and has value [ 1™ (resp. [17). As a
result, the value at the root is [1”-[]7 =1[)- (] = ¢g. From our discussion so
far, it should be clear that Gap evaluates a word over {[1}® to g if and only
if the word’s underlying linear ordering contains a gap (an ordering a has a
gap if it is of the form [ + B where 1 has no maximum element and S5 has
no minimum element).
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Now we briefly discuss some natural algebraic notions. Let (S, 7) and
(8", 7") be @-semigroups. A morphism from (S, 7) to (', 7') isamap h : S —
S’ such that, for every w € S®, h(m(w)) = 7' (h(w)) where h is the pointwise
extension of h to words. By a slight abuse of notation, we write h(w) for
w € S to denote h(m(w)) € 5. A @-language L C X9 is recognizable
if there exists a morphism h: (X% [][) — (S,7) to a finite ®-semigroup
such that L = h7'(h(L)). A ®-language L C X% is recognizable if there
exists a morphism h: (3% []) — (S,7) to a finite ®-monoid such that L =
h=Y(h(L)). We'll simply talk about language of countable words and let the
context explain whether the empty word is being considered or not. Note
that these morphisms are completely determined by their restriction to the
set X, as any map from ¥ into S extends to a unique morphism from X% to
(S, 7). By the equivalence of finite @-semigroup and @-algebra, a map from
Y into a @-algebra extends to a ‘morphism’ from X% into the ¢-algebra, and
languages can be naturally recognized via such morphisms.

Example 5. Let A C ¥ be a non-empty subset of the alphabet, and L be
the set of words that contain an occurence of some letter from A. It is easy
to see that the map h: ¥ — U; sending h(a) =0 for all a € A, and h(b) =1
for all b ¢ A recognizes L as L = h™1(0).

Example 6. Consider the map h: ¥ — Gap defined by h(a) = [] for all
a € 3. The resulting morphism maps any word u to h(u) = g if and only
if the domain of the word admits a gap. Consider a word v = a*a*" for
a € X. Tts pointwise extension under the map h is h(v) = [ 1“[ ", If (Gap, 7)
is the ®-monoid that induces the ®-algebra Gap, then since h extends to a

morphism, we have h(v) = w(h(v)) = g as per the evaluation tree discussion
in Example []

Remark 1. Let h: ¥¥ — M be a map/morphism into a @-algebra. For any
word v € ¥, we know its pointwise extension h(v) € M® has an evaluation
tree (T, 1). Note that every node in 7" represents a factor of h(v); this factor
naturally corresponds to a factor v’ of v, that is, the node in T' represents
h(v"). Furthermore h(v') is exactly ¢(h(v)), the value that ¢ maps the node
to. Therefore the evaluation tree can equivalently be considered over the

word v € X% with h mapping the word at each node to its evaluation.

Note that (see [I0]) any recognizable language L is associated a finite

10



296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

(canonical /minimal) syntactic @-semigroup Syn(L) that dividesﬂ every -
semigroup recognizing L. Further Syn(L) can be effectively computed from
a finite description of L.

We close this section by mentioning the main result of [7].

Theorem 2 ([7]). A language of countable words is recognizable iff it is
MSO-definable.

In the rest of this article we often refer to recognizable languages of count-
able words as regular languages of countable words or simply regular lan-
guages.

3. Small Fragments of FO

Our aim is to find algebraic characterizations of interesting logic classes
interpreted over countable words. In this section, we focus on two particu-
larly small fragments of first-order logic. First-order logic (FO) over a finite
alphabet ¥ is a classical logic which can be inductively built using the fol-
lowing operations.

pi=a(z)|z<y|leVe|-p|3rep

Here a € ¥ and ¢ is any FO formula. We use the letters ¢,, ¢ (with
or without subscripts) to denote FO formulas, and the letters x,y, z (with
or without subscripts) to denote FO variables which represent positions in
countable words. We skip the standard semantics.

A sentence is a formula with no free variable. The language of a sentence
¢, denoted by L(y), is the set of all words u € ¥¥ that satisfy ¢. Let us look
at some examples of countable languages definable in FO.

Example 7. The following FO sentence describes the language of all words
whose underlying linear ordering is dense and has at least two distinct posi-
tions.

drdy x <y AVaVy (:L’<y) = (Elzx<z<y)

Example 8. The language of all words containing a gap where the set of
letters approaching the gap (arbitrarily closely) from the left is disjoint from

LM divides N if M is a homomorphic image of a sub-®-semigroup of N

11
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the corresponding set of letters from the right, is definable in FO. In par-
ticular, consider the set {wjws | w1 € X¥{a}® has no maximum, and wy €
{b}*X® has no minimum}. It is definable in FO by guessing two points x
and y in w; and wy respectively, and expressing the following properties for
positions in this interval - (1) all positions are labelled a or b, (2) b labelled
positions come after all the a labelled positions, (3) the a-labelled positions
do not have a maximum, and (4) the b-labelled positions do not have a min-
imum.

L.opi(z,y) i=Ve o <z <y=a(z) Vb(z).

n=Vz (r<z<yAa(z) =3 z2<Z <yAa(?)

(z,y)
2. po(z,y) i=Vz (2 < z<yAbz) = (3 2 <2 <yAa(?)),
3. w3(z,y)

(z,9)

4. p4(z,y) s=Vz (x <2 <yAb(z)) =3 <2 <zADZ).

The sentence Jx3y a(x) Ab(y) Ax < yAp1(x,y) Apa(z, y) Aps(z,y) Apa(z,y)
defines the language.

The classical Schiitzenberger-McNaughton-Papert theorem characterizes
FO-definabilty of a regular language of finite words in terms of aperiodicity
of its finite syntactic monoid. The survey [20] presents similar decidable
characterizations of several interesting small fragments of FO-logic such as
FO', FO?, B(3*) - boolean closure of the existential first-order logic. Here
we start by identifying algebraic characterizations, over countable words, for
FO'! and B(3*).

3.1. FO with single variable

The fragment FO' has access to only one variable. We recall that over
finite words a regular language is FO'-definable iff its syntactic monoid is
idempotent, that is 22 = x for any element z, and commutative, that is
x -y =1y -x for any elements x,y.

Clearly, FO! can recognize all words with a particular letter. With a
single variable the logic cannot talk about order of positions. This gives an
intuition that the syntactic @-semigroup of a language definable in FO' is
commutative. Neither can FO' count the number of occurrences of a letter.
In short FO' can merely detect the presence or absence of a letter.

We say that a @-algebra (M, -, 7, 7%, k) is shuffle-trivial if it satisfies the
following identity: x; - 29 - ... -z, = {x1,...,x,}". Note that, every element
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of a shuffle-trivial @-algebra is shuffie-idempotent (m is a shuffle idempotent
if m" = m). From the axioms of a @®-algebra it easily follows that, m
being a shuffle-idempotent implies m™ = m™ = m - m = m. Furthermore
since z -y = {z,y}" = {y,z}" = y -z, a shuffle-trivial @-algebra is also
commutative.

Theorem 3. Let L C X% be a reqular language. The following are equivalent.
1. L is recognized by some finite shuffle-trivial ©-algebra.

L is a boolean combination of languages of the form B® where B C X.

L is definable in FO.

L s recognized by direct product of Uy s.

The syntactic B-algebra of L is shuffle-trivial.

Proof.

(1 = 2) Let L be recognized by a morphism h: X% — (M, - 7, 7% k) into a
finite shuffle-trivial é-algebra. Consider an arbitrary word v € X% and let
alph(u) C ¥ be the set of letters in the word u, and let y(u) = Hacapnw)h(@)
(note that due to commutativity, v(u) is well-defined). We show that h(u) =
v(u). The proof is via the evaluation tree (7', h) of the word u. We show
by induction on the rank of the nodes in tree (7', h) that h(v) = y(v) for all
nodes v in the tree. Consider a node v of the tree.

1. Case v is a letter: The induction hypothesis clearly holds.

2. Case v is a concatenation of words v; and vs: By induction hypothesis
h(vy) = y(v1) and h(vy) = y(v1). Hence we have h(v) = h(vy) - h(vg) =
v(v1)-y(vg). Since alph(v) = alph(vy) U alph(vy) and all elements of M
are idempotents and commute, it is easy to see that vy(v) = v(vy)-y(ve).
Hence h(v) = vy(v), and the induction hypothesis holds.

3. Case v is an w sequence of words (vq, vy, ... ) such that there exists an
e € M and h(v;) = e for all ¢ > 1. Therefore h(v) = €7; since in M,
e = €7, we have h(v) = e. We have to show v(v) = e.

Clearly there is a k& > 1 such that alph(vyvy...vx) = alph(v); there-
fore, denoting v' = v1vs ... v, we know v(v') = ~v(v). By induction
hypothesis and the finite concatenation case seen earlier, we know

13
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v(v') = h(v') = i<i<kh(v;) = e. Therefore v(v) = e = h(v), and
the induction hypothesis holds in this case.

4. Case v is an w* sequence of words: This is symmetric to the case above.

5. Case v = [[,c, vi such that [[;c, h(v;) is a perfect shuffle of the set
{b1,...,bx} € M. Hence h(v) = {b1,...,b;}". By the shuffle-trivial
property, we have h(v) = by - - --b,. We have to prove y(v) = by -+ - --by.

Let | > k and ji1,7J2,...,51 € n be such that we get the following:
{h(vj,), h(v),), ..., h(vj,)} = {b1,...,bx} and Us<,<jalph(v;,) = alph(v).
Denoting v' = wvj, ...vj,, we therefore get v(v') = v(v), and that
h(v') = IIi<i<ih(v;,). Since elements of M commute and are idem-
potents, we have h(v') = by - --- - by. By the induction hypothesis
and finite concatenation case earlier, we can say v(v') = h(v’). Hence
y()=by - by, and the induction hypothesis holds in this case also.

The induction hypothesis, therefore, holds for any word u € A®. So L
is union of equivalence classes defined by the finite index relation {(u,v) |
alph(u) = alph(v)}. All these classes are boolean combination of languages
of the form B® for some B C Y, as seen below.

{u | alph(u) = B} = B¥\ (U(B \ {b})@>

beB

(2 = 3) Note that B® is expressed by the FO' formula Vz Vaep a(z). The
claim follows from boolean closure of FO!.

(3 = 4) Due to the restriction of a single variable, any formula ¢(x) is a
boolean combination of atomic letter predicates. Since a position in a word
can have exactly one letter, any non-trivial formula ¢(z) is a disjunction
of letter predicates, e.g. a(z) V b(z). A language defined by the sentence
Jdz (a(x) V b(z)) is recognized by the @-algebra U; via h: ¥ — U; that maps
a,bto 0 € Uy and every other letter to 1 € U;. A language defined by boolean
combination of such sentences can be recognized by direct products of Uj.
(4 = 5) The syntactic @-algebra of L divides any ®-algebra that recognizes
L; so it divides a direct product of finitely many U;. It is easily verified
that @-algebra U; is shuffle-trivial. Since these properties are identities, and
identities are preserved under direct product and division (see [21]), we get
that the syntactic @-algebra of L is shuffle-trivial.
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(5 = 1) The syntactic G-algebra of L is finite because L is a regular language.
Also, it is shuffle-trivial by assumption, and a language is always recognized
by its syntactic @-algebra. So this direction trivially holds. O]

3.2. Boolean closure of existential FO

Let us first recall the characterization of B(3*) - the boolean closure of
existential FO over finite words. This is precisely the content of the theorem
due to Simon [22]. The usual presentation of Simon’s theorem refers to
piecewise testable languages which are easily seen to be equivalent to B(3*)-
definable languages. Simon’s theorem states that a regular language of finite
words is B(3*)-definable iff its syntactic monoid is J-trivial. We recall that
a monoid M is J-trivial if for all m,n € M, MmM = MnM implies m = n.
In short, the Green’s equivalence relation J on M is the equality relation.
We refer to [23] for a detailed study of Green’s relations and their use in the
proof of Simon’s theorem.

The proof of Simon’s theorem uses the congruence ~,,, parametrized by
n € N, on finite words ¥*: for u,v € ¥*, u ~,, v if u and v have the same set
of subwords of length less than or equal to n. Note that ~,, has finite index.

We fix n € N and work with ~,, defined on countable words X®: for
u,v € X% u ~, v if u and v have the same set of subwords of length less
than or equal to n. It is immediate that ~,, is an equivalence relation on ©®
of finite index. We let S,, = X%/ ~,, denote the finite set of ~,-equivalence
classes. For a word w, [w],, denotes the ~,-equivalence class which contains
w.

Lemma 1. There is a natural well-defined product operation w : S® — S, as
follows: W(Hi@[wi]n> = [Hi@ wi}n. This operation m satisfies the general-

ized associativity property. As a result, Sy = (Sp, 1 = [g]n, 7) is a ®-monoid.

Note that the lemma implies that h, : ¥ — S,, mapping w to [w], is a
morphism of ®-monoids.

Proof. Let w = [],., w; and w’" = [[,, wj where w; ~, wj for all i € a. To
show 7 is well defined, we need to show w ~,, w’. Suppose u is a subword of
w of length n. We can factorize u as u = ujus . . . u, where u; (for 1 < j <k)
is a subword of w;;. Since w;; ~, ng and |u;| < n, we have u; is a subword
of w; , and thus u is a subword of w’ as well. Therefore, 7 is well defined.
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Next we show that 7 satisfies the generalized associativity property. Let
u = []ic, wi where u; = [[;,, [vj]n and a is any countable linear ordering.
We have 7(u;) = [[;c,, vjln and hence

w([[ rlu) — [rm >]  n(a)

1€ i€a JEo;
This completes the proof. O

It is known [2I] that a finite monoid (M, ) is J-trivial if and only if it
satisfies the (profinite) identities: 2' = 2 - 2' and (z - y)' = (y - 2)'. Here &'
denotes the unique idempotent in the semigroup generated by x; guarantee
of existence and uniqueness of this generated idempotent is a basic result for
finite semigroups. We also use the notation z' for elements of ®-algebra and
it is the idempotent generated by x using the binary concatenation operation.
We say that a ®-algebra is shuffle-power-trivial if it satisfies the (profinite)
identity: (z1-p-...-x,) = {z1,...,2,}". Note that, every idempotent of
such a ®-algebra is a shuffle-idempotent: z' = z implies 2" = .

Remark 2. Note that in a shuffle-power-trivial algebra, (z -y)' = {z,y}" =
{y,x}* = (y - x)". Also,

Thus, a shuffle-power-trivial ®-algebra is J-trivial. It is also clear that we
have o' = 27 = 27 = 2",

Lemma 2. The ®-algebra Sy, is shuffle-power-trivial.

Proof. Let x1,%9,...,2, € S,. Suppose z; is the equivalence class of word u;
over . It is easily seen that any n length subword of {uy, us, ..., u,}" is also
present in (ujus . .. u,)". Therefore {x1,xq,...,2,}" = (x1-22...2,)". Since
{x1,19,...,2,}" is idempotent, we get {1, g, ..., 2,}* = (z1-29...7,)". O

Theorem 4. Let L C X% be a regular language. The following are equivalent.
1. L is recognized by a finite shuffle-power-trivial ®-algebra.
2. L is recognized by the quotient morphism h, : ¥ — S, for some n.

3. L is definable in B(3*).
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4. The syntactic ®-algebra of L is shuffle-power-trivial.

Proof.

(1 = 2) Let L be recognized by h: ¥ — M where M = (M, 1,-,7,7* k)
is a finite shuffle-power-trivial ®-algebra. Since shuffle-power-triviality is
preserved in sub-®-algebra, we can assume h to be surjective. Consider
the restriction of h to the free monoid ¥* resulting in the induced monoid
morphism. We denote it by h': ¥* — (M, 1,-). By the identities of the
®-algebra M and its consequences as pointed out in the Remark [2] this
morphism is surjective and the monoid (M, 1,-) is J-trivial.

Using the argument from Simon’s theorem (see [23] Theorem 3.13]), there
exists n € N, such that (M, 1,-) is a quotient of ¥*/~,, and u ~,, v implies
h'(u) = h'(v). We need to ‘lift’ this result to general countable words. For
this we prove that any countable word w has a finite subword w such that
w ~y, w and h(w) = h'(w). Let T = (T, h) be an evaluation tree over w. We
prove by induction that for every node v of the tree, there is a finite subword
0 of v with v ~,, v and h(v) = h/(D).

1. Case v is a letter: The induction hypothesis clearly holds by taking
U =w.

2. Case v is a concatenation of words v; and vy: By induction hypothesis,
we have finite subwords 07 and vy of v; and vy respectively such that
01 ~p v1, h(vy) = K(01) and 0y ~, vy, h(vy) = h'(03) Note that
01 ~, U1 and Uy ~, vy implies U109 ~,, V1V9. Further, 0109 is a finite
subword of vyvy and h(v) = h(vy) - h(vg) = B/ (01) - W' (0g) = K (0109).
This proves the induction hypothesis holds in this case.

3. Case v is an w sequence of words (v, v, ...) such that there exists
an idempotent e € M and h(v;) = e for all i > 1 and h(v) = €7. As
observed in Remark 2] e = e = (e")” = €7; therefore we have h(v) = e.
Because there are only finitely many words of length less than or equal
to m, clearly there is a k£ > 1 such that vivs ... v, ~, v. Let us denote
v1vs ... v by v'. Note that since e is an idempotent, h(v') = e = h(v).
It is now easy to complete the proof by using induction hypothesis for
each v; for 1 < ¢ < k and using the arguments in the concatenation
case above.

4. Case v is an w* sequence of words: This is symmetric to the case above.
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5. Case v =[], vi such that u = [[,., h(v;) € M® is a perfect shuffie of
{b1,...,br} € M and h(v) = {by,...,b;}". By the shuffle-power-trivial
property, we have h(v) = (by - ... - by)".

We claim that there exists a finite subset X C 7 such that, with v' =
[Licxvi and v/ = J[,cx h(vs), v ~, v" and the finite subword u’ of
u is a large power of the word biby...b;. This would imply h(v') =
(by-...-by)' = h(v). We can now apply induction hypothesis on v; for
each ¢ € X and proceed as in the concatenation case.

It remains to show the existence of X. We first choose X large enough
so that all subwords of v upto length n are represented in v' and then
increase X to ensure that «' is of the desired form. This is possible
thanks to the fact that u is perfect shuffle of {b;, ..., bx}.

Now for any two countable words w and v, if u ~,, v, then h(u) = h'(1) =
h'(0) = h(v) where the middle equality is from the argument used in the
proof of Simon’s theorem mentioned before. Invoking Lemma [T} it follows
that the given morphism h factors through the morphism h,, : ¥® — S, that
maps u to [ul,.

(2 = 1) This follows from Lemma [2]

(2 = 3) Every equivalence class of ~,, is clearly definable in B(3*).

(3 = 2) Let L be recognized by the formula v ::= 3y, ..., zpp(z1, ..., ).
We show that for an u ~, v, u |= « if and only if v = a. Consider an as-
signment s which assigns the variables x;s to a position in the domain of u
such that u,s = . Note that since ¢ is a quantifier free formula it is a
boolean combination of formulas of the form z; < z;, x; = z; and a(x;). Let
X ={s(z;) | 1 <i<n} Cdom(u) be the set of n points which are assigned
to the x;s. Since u ~,, v, there is a set Y C dom(v) of n points such that
u|x = v|y. Consider an assignment § to variables z; to positions in Y such
that s(x;) < s(x;) iff §(x;) < §(x;). Clearly such an assignment satisfies
v, 5 | @ since the ordering between the variables and the letter positions
are preserved. Therefore we get that u = « implies v = . A symmetric
argument shows the other direction.

(4 = 1) This is a trivial observation.

(1 = 4) This follows from the fact that identities are preserved under
division. [l
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4. Algebraic Products

So far we have provided algebraic characterizations for small fragments of
first order logic. Note that the characterizations are of two kinds — decidable
characterization in terms of identities (we have given such characterizations
for both FO! and B(3*)), and decompositional characterization where a com-
bination of simple algebraic structures recognize the exact class of language
(we have given such a characterization for FO'). We now move on to char-
acterizing higher logic classes. In [10], decidable characterizations for many
interesting logic classes, e.g. FO, have been discovered. So we focus on pro-
viding decompositional characterizations instead. Recall that for FO', direct
product of U;s provide an exact characterization. However for more expres-
sive logics, direct product is not suitable for getting simple prime algebraic
structures, since direct product can only handle boolean combination of lan-
guages recognized by individual structures. In the finite words setting, block
product is an algebraic product that has played a significant role in pro-
viding interesting decompositional characterizations of several logic classes
like FO and MSO [15]). Motivated by this, we introduce the block product
operation for ®-semigroups and ¢-algebras, and investigate decompositional
characterizations of FO, its subclass FO?, and also beyond first order logic.

In this section, our aim is to develop a suitable block product operation
that is conceptually the right counterpart to the classical notion over monoids
and finite words. To achieve this aim, we define the notion of compatible left
and right actions on @-semigroups and generalize the concept of semidirect
product from semigroup theory to this setting. Block product, being a special
case of semidirect product, gets defined as a result. A similar development for
the block product operation in the classical setting is present in [15]. Finally
we establish a result called block product principle which relates language
recognized by the block product of two structures in terms of languages
recognized by each of the individual structures.

4.1. Actions

Let (M,7) and (N, 7) be two @-semigroups. Note that the set of all @-
semigroup morphisms from (N, 7) to itself forms a monoid —the endomor-
phism monoid of N— under function composition. A left action of (M, )
on (N, ) is a morphism from M into the endomorphism monoid of N. In
other words, it is a map M x N — N satisfying the following properties (we
denote by mn the element to which the pair (m,n) maps).
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B-1  w(mymg)n = my(men)

B-2 mﬁ-(HiEa nl) = ﬁ-(HiEa mnl)

If M and N are both ®-monoids with neutral elements 1 and 1 respectively,
then the action is called monoidal if, for all m € M, n € N the following two
conditions hold.

C-1 In=n
2 mi=1

A right action of M on N is defined symmetrically. M is said to have
compatible left and right actions on N if the actions commute, or in other
words if, for m,m’ € M and n € N, the property (mn)m’ = m(nm') is
satisfied. We use the notation m(]],., n:)m’ to denote the natural pointwise
extension [[,., mn;m’.

Actions are naturally defined for @-algebra as well. Let (M, -, 7, 7%, k) and
(N,+,7,7* k) be @-algebras induced by @-semigroups (M, n) and (N, 7)
respectively. The action requirements can be equivalently stated in terms of
algebra operators, e.g. the left action requirements are as follows:

D-1  (mg-mg)n = my(man)
D-2  m(ny + ng) = mny + mny

D-3  mn” = (mn)
D-4  mn" = (mn)"
D-5  m{ny,...,n;}* ={mn4,...,mn;}*

4.2. Semidirect product

We define a bilateral semidirect product of @-semigroups (M, ) and
(N, ) where M has compatible left and right actions on N. Here onwards we
refer to bilateral semidirect product simply as semidirect product. Similarly
we refer to compatible left and right actions simply as actions.

Definition 2. Given (M, ) with actions on (N, 7), the map 0: (M x N)® —
M® x N® associates with any word u € (M x N)® two words v € M®
and w € N¢ as follows. If u = [[,., (m;,n;), then v = [[.., m; and w =

HiEa W(Hj<7; mj)nﬂ(l_[j>i m;). See Figure .
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(MxN)® | u:

M® v

N©® w: ...’W(Hj<imj) n; 7r(]_[j>imj)‘...

Figure 1: 6(u) = (v, w)

The following lemma states a useful property of the map 6.

Lemma 3. Consider (M, ) with actions on (N, 7). Suppose u =[], ui €
(M x N)® with 0(u) = (v,w) and fori € «, 0(u;) = (v, w;). Then v =
[Licovi and w =[], wi where

wi =7 ([ [ o)wir(] ] vy)

J<t J>t

Proof. Consider an arbitrary position [ € dom(u) and let u[l] = (m,n).
There exists ¢ € o such that [ € dom(u;). From Definition[2] v[l] = m = v;]l].
In contrast, w(l] = w(ve)nmw(vs;) and w;[l] = 7((v;)<))n7((v;);). Note that
va = ([[;<;v5)(vi)<i, and similarly for the suffix vs;. Therefore wll] =
([ [;; vi)willlm([ 1,5, vs) by using generalized associativity of m and action
axioms (the axiom is used for the left action). The lemma follows. [

Definition 3 (Semidirect Product). Given (M, 7) with actions on (N, 7),
their semidirect product M x N is the pair (M x N, ) where 7: (M x N)® —
M x N is defined by: for u with 6(u) = (v, w), we let 7(u) = (7w(v), 7(w)).

The proof of the following lemma verifies that M x N is a @-semigroup
by showing that 7 satisfies the general associativity property.

Lemma 4. The structure M x N = (M x N, 7) is a ®-semigroup.

Proof. Let u = [, u; where u,u; € (M x N)®. We have to prove 7(u) =
T([[;eq T(ui)). Rewriting [T, 7(u;) as z, we have to prove 7(u) = 7(2).
Suppose #(u) = (v,w) and for i € o, 6(u;) = (v;, w;). Then by Lemmal3]
v =1[[,c,vi and w = [],., w; where wj is as given in the lemma statement.
By Definition [3| #(u) = (7(v),#(w)). Using the generalized associativity
properties of m and 7, we get T(u) = (7([ [;co 7(vi)), 7([ Lice T(w5)))-
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Next we analyze the word z. Note that dom(z) = « and z[i] = 7(u;).
Further, recall that 6(u;) = (v;, w;). From Definition 3| we get that 7(u;) =
(7(vy), w(w;)). So z[i] = (mw(v;), 7(w;)). We now compute 0(z) using Defini-
tion 2] Let 6(z) = (2, 2"). It is easy to see that 2'[i] = 7(v;). Using this, we
see that

2] = W(H W(Uj))ﬁ(wi)ﬂ(n m(v;))

= #(w([ ] vyuwr([T o)
- #(w)

Now we proceed with the computation of 7(z) by using Definition [3}

= (r([ [ (o), #([ ] #(w)))

1€a i€a

Comparing this with the expression for 7(u) derived earlier, we see that
7(u) = 7(z). This completes the proof. O

Lemma 5. If M and N are both ®-monoids and the underlying actions are
monotdal, then M x N is a ®-monoid.

Proof. Let M and N have neutral elements 1 and 1 respectively. We prove
that (1,1) is the neutral element of M x N. Consider u € (M x N)®. Let
O(u) = (v,w) and O(uy 7)) = (V',w'). If u[z] = (1,1), then by Deﬁnition

and by the property of monoidal actions v[z] = 1 and wlz] = 1. If ufz] #
(1,1), then v[z] = v'[z] and w[z] = w'[z]. So w(v) = 7(v') and 7(w) = 7(w’).
Hence 7(u) = 7(uy( i))- O

Henceforth we work with the assumption that M and N are finite, and
turn to the problem of effective construction of semidirect product of finite
@-algebras. Thanks to Theorem [I, we can restrict our attention to induced
@d-algebras. Towards this, let (M, -, 7, 7%, k) and (N, +, 7, 7%, k) be ®-algebras
induced by @-semigroups (M, ) and (N, 7) respectively. Further, let M
N = (M x N,%,7,7*,k) denote the @-algebra induced by M x N = (M x
N, 7).

The following lemma says that the binary operator © of M x N can be
expressed using the binary operators - (of M) and + (of N). It follows easily

22



632

633

634

635

636

637

638

639

640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

658

659

660

661

662

from the definition of the induced operator = from 7. We skip the proof as
this is same as the classical case.

Lemma 6. The operator - can be defined as follows:
(m1,n1) ~ (M2, n2) = (M - Mg, nymy +ming).

An easy consequence of the previous lemma is that if (m,n) is an idem-
potent element of M x N then m is also an idempotent element of M.

Now we focus on the unary operators 7 and 7*. In view of the second
axiom in the definition of a @-algebra, it suffices to show that these operators
can be computed at idempotent elements of M x N in terms of the algebra
operators of M and N.

Lemma 7. Let (e,n) be an idempotent element of M x N. Then (e,n)" =
(e™,ne” + (ene™)?), and (e,n)™ = (e™, (e ne)” + e n).

Proof. We present the proof only for 7. By definition of the induced operator
7, (e,n)T = 7(u) where u = (e,n)“ is the w-word over the domain (N, <)
such that every position is mapped to (e,n). We first compute 6(u) = (v, w)
according to the Definition [2 Tt is easy to see that v = e¥ and w is the
w-word whose first position is mapped to ne” and all other positions are
mapped to ene”. As a result, 7(v) = e and 7(w) = ne” + (ene”)”. The
proof now follows by observing that 7(u) = (7(v), 7(w)). O

Finally, the next lemma shows that the operator & of M x N can be
computed using the algebra operators of M and N.

Lemma 8. The operator i can be defined as follows:
{(m1,m1),. .., (my,n,)}* = (m, {mnym, ..., mn,m}")
where m = {my,...,m,}".

Proof. Let S = {(my,n1),...,(my,n,)}. Then if u is the perfect shuffle of
S, that is, if w = S", then 7(u) = S*. Consider #(u) = (v,w). We claim
v is the perfect shuffle of the set S; = {my,...,m,}. Indeed for any two
points & < y in dom(v), if suppose m; is not present, then between the same
points in dom(u) the element (mq,n;) is not present. Therefore v = S}, and
m(v) =S¥ =m (say). Furthermore for any point 7 in dom(v), the prefix v,
and the suffix vs; are both perfect shuffles of Si; so w(v;) = w(vs;) = m.
This implies w is the perfect shuffle of the set Sy = {mnym, ..., mn,m}. The
result follows as w(w) = S%, and 7 = (7(v), 7(w)) = (m, S§). O
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We now present an example of a semidirect product construction.

Example 9. Consider M = U; acting on N = U; with a trivial left action
and a non-trivial monoidal right action where 0 € M maps everything in N
to 1 € N. The ®-algebra S = U; x Uy is given in Figure 2 We write the
element (i, 7) as 7j in this example.

2111 10 00 01 |7 |+
1111 10 00 0L |11|11 1S {11}
10{10 10 00 01 |10{10 .

0000 00 00 01 |01]oo S"=9 0L if SN{00,01} #0

01{01 00 00 01 (01|01 10 otherwise

Figure 2: The ®-algebra S = Uy x Uy

Example 10. Let ¥ = {a,b}. Consider the language L of all words which
contains the letter b, and has a non-empty suffix purely consisting of a’s, that
is, L = X% {b} - £® - {a}®. The morphism h: ¥¥ — S such that h(a) = 10
and h(b) = 01 recognizes L as L = h~1(00).

4.83. Block Product

Let (M,7) and (N, 7) be two @-semigroups. Recall that M is the @®-
monoid associated to M. The set NM *M" of all functions from M' x M*
into N also forms a ¢-semigroup under the componentwise product. This &-
semigroup can be simply viewed as the direct product of M| x |M?| copies
of N. Reusing the operation & of (N, 7), we denote this @-semigroup by
(K, 7) with underlying set K = NM'xM'

The block product of M and N is denoted by MUIN and is the semidirect
product M x K (with underlying set M x K') with respect to the canonical
‘actions’ (the following lemma proves that these are indeed compatible left
and right actions): for m € M and f € K,

(mf)(ma, ma) = f(mam,ma)

(fm)(m1,ma) = f(mq, mmo)

Lemma 9. Given &-semigroups (M, ) and (N, ), consider the maps M X
NMISXME_y NMIXMY o fined by (mf)(my, ms) = f(mym, my) and NM <M x
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M — NMY>MY defined by (fm)(my, mg) = f(my, mms). These are compati-
ble left and right actions of (M, ) on (NMIxME 7). They are also monoidal
if M and N are both ®-monoids.

Proof. We focus only on the left action. Note that

(m(mf))(my, ma) = (mf)(mam', mo)

= f(mym'm,my)

= ((m'm) f)(ma, my)

Hence m/(mf) = (m'm)f, thus proving the first axiom. For the second
axiom, note

(m(H fi))(ma,ma) = (H fi)(mam, my)
= H(fi(mlm7m2))
= H(mfz‘(ml,mﬂ)

= ([T mfi)(mi,ms)

[Ite]

So m(][,c,, fi) = [1;co mfi, thus proving the second axiom. If M has neutral
element 1, then (1f)(my, ma) = f(mq, my) which means 1f = f. If N has
neutral element 1’, then the neutral element g of K is the constant function
to 1’. Clearly, mg = g. Thus the left action is monoidal if (M, 7) and (N, 7)
are ®-monoids.

The proof for the right action is symmetrical. We now establish the
compatibility of these two actions.

((mfym')(my,mg) = (mf)(my,m'my) = f(mim,m'my)

(m(fm'))(m1,mg) = (fm')(mim, my) = f(mim, m'my)

Therefore (mf)m’ = m(fm’), that is, the actions commute and are compat-
ible. This completes the proof. O
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4.4. Block Product Principle

In this subsection, we state and prove the block product principle. Roughly
speaking the block product principle allows to express the formal languages
recognized by the block product MIN in terms of languages recognized by
M and N.

Fix a finite alphabet . As 3% is a free ®-semigroup, a morphism from %%
to MON = M x K is simply given (determined) by a map h: ¥ — M x K.
Sometimes we’ll denote its pointwise extension  : £¥ — (M x K)® also by h.
Further, composing this with the countable product 7 of M x K results into a
morphism which, to a word u € X%, associates the element 7(h(u)) € M x K.
This morphism may also be denoted by h (that is, h(u) may simply equal
7(h(u))). The context will make it clear as to which interpretation of ‘A’
applies. These slight abuses of notations are used several times in what
follows in order to keep the notation simple and improve readability.

Similar to the finite words case, the block product principle over countable
words crucially utilises a sequential transducer induced by morphisms from
the free @-semigroup.

Definition 4. Let ¢: ¥ — (M, ) be a morphism. The sequential trans-
ducer o, associated with this morphism is a domain-preserving letter-to-
letter transducer of type o,: 2% — (M' x ¥ x M')® and is defined as
follows. For any word u € X%, and for any = € dom(u),

0-90(“) [ZE] = (p(u<a), U[ZE], Qo(u>m))
As mentioned earlier dom(o,(u)) = dom(u).

Remark 3. If the prefix u., (resp. suffix u-,) is the empty word in Defi-
nition , then we use the neutral element of M! in place of ¢(u,) (resp.
P(usz))-

Next, given a morphism from a free @-semigroup into a block product
@-semigroup, we define two naturally arising morphisms into the individual
@-semigroups of the block product.

Definition 5. Let h : ¥¥ — MON be a morphism and let (my,, f.) = h(a)
for each a € 3. We define the map/morphism hy : ¥ — M by letting h; (a) =
my, for each letter a. We also define the map/morphism hy : (M!x X x M) —
N as: for (my, a,my) € (M*xExM?'), we have hy((m1, a,ms)) = fo(my, ms).
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Going ahead, given a word v/ € (M x ¥ x M1)® and my,my € M, we
define miu'ms to be the word (with the same domain as ') such that for a
position = with u/'[z] = (m}, a,m}), (miu'ms)[z] = (mim), a, mhms).

Now we are ready to state a key technical lemma which will help us
establish the block product principle.

Lemma 10. Consider a morphism h: X% — MUON = M x K. Foru € ¥9,
we have h(u) = (m, f) if and only if hy(u) = m and for all my,my € M?',
we have hgy(mio(u)ms) = f(my,me) where o is the sequential transducer
associated to hy.

Proof. Fix u € X% and v/ = o(u). Let h(u) € (M x K)® be the image
of the pointwise extension of h applied to w. The words hy(u) € M® and
ha(u') € N® are defined similarly. Observe that, for a position = of u, with
ulz] = a and h(a) = (ma, f2), A(w)[e] = (Ma, fu), ha(u)lz] = ma, o[a] —
(hll (u<x)> a, h]l(u>a:)) and h?(u/)[x] = fa(h]l(u<a:)7 h]l(u>:1:)) See Figure '

i ~»  (evaluation)
h:¥ — MON h(u) : ol (ma, fa) |- -- (m, f)
h1:E—>M hl(u): m
0:29 5 (M xS x MY)® | v =0o(u): ‘..‘hn(u<z),a,h1(u>z)‘.‘.
ho: (MYx S x MY 5 N | ha(u): .| fa(hi(ucs), hi(usg)) \ F(1,1)

Figure 3: The block product operational view

Consider the map 6 : (M x K)® — M® x K% from Lemma |3 (with
K playing the role of N in the statement). Let #(h(u)) = (v,w). Observe
that v € M® and w € K®. It is straightforward to check that v = hy(u).
Further, by the definition of 8, for a position x of u, with h(u)[x] = (mq, f.),
wlt] = b (tg) fuhrs (i),

Now we relate the word w € K% with o(u) € (M' x X x M')®. Towards
this, consider the projection morphisms: for my,mg € M*, I,y ny : K — N
defined as II,,, m,(g) = g(mi,ma). As expected, the pointwise extensions of
IL,,, m, are also denoted by IL,,, ,,-

For further analysis, fix a choice of my,my € M'. Let x be a po-
sition with u[z] = a and h(a) = (Mg, fa). As observed earlier wlz] =
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hi(tey) fahi(us,) € K, and v/[z] = (hi(uey),a, hi(us,)) € MY x 3 x M.
Clearly myu'ms[z] = (mihy(u<y), @, hy(usy)ms).
We proceed further with some simple calculations.

Moy (wlz]) = (ha(uca) faha (usa)) (M1, mo)
fa(mlh]l(u<x)a h]l(u>z)m2)

ho(myu'my[z]) = ha ((mihy(usy), a, hy(usz)ms))

= fa(mihy(u<s), h1(use)ms)

This reveals that for each position x, I1,,,, m, (w[z]) = ha(miu'me[z]). Thanks
to the fact that both Il m,(w) and he(miu'msy) are defined pointwise, we
have Il m,(w) = he(miu'msy). We let f denote the evaluation of w in K
and exploit the fact that both II,,, ,,, and hy are morphisms to conclude
that, for my, mg € M, f(my, my) = ha(myu'msy) € N.

With hy(u) = m, the proof of the proposition is now immediate by Defi-
nition 3| which asserts that h(u) = (m, f). O

We now use this lemma to derive the following result often referred to
as the block product principle (see [23, 24] for the related wreath product
principle in finite case).

Theorem 5 (Block Product Principle). Let L C X% be recognized by h :
Y% — MON wvia a subset F. Let hy: X% — M be the induced projection
morphism, and let o: X% — (M' x X x MY)® be the sequential letter-to-
letter transducer associated to hy. Then L can be expressed as a finite union

x
1
A (may fa) ] - -
v=hy(u):
w : oo hi(wey) fahr(wsg) | - ..

Figure 4: 6 : (M x K)® — M® x K® and 0(u) = (v,w)
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of languages of the form Ly N (o' (Li;)) where Ly and L;; are recognized
2%

by M and N respectively, for 1 <i,j < |M?]|.

Conversely let gi: X% — P be a morphism, and let 0: ¥% — (P! x ¥ x
PY® be the letter-to-letter transducer associated to it. If X C (P'x X x Ph)®
is recognized by some ®-semigroup Q, then 071(X) is recognized by POQ.

Proof. Consider an element (m, f) € MON. By Lemma , for u € X9,
h(u) = (m, f) iff hy(u) = m and hy(myo(u)ms) = f(my, me) for all my, ms €
M!.

Next, for 1 <4, < |M'], we define the maps/morphisms h;; : (M' x ¥ x
MY — N as follows: hi;((m1,a,ms)) = ha((m;my, a,mam;)). It is easy to
see that, for any word v’ € (M* x ¥ x M')®, h;;(u') = ha(mu'm;).

As a consequence, we get

L= U (h]l_l(m) N (ﬂ U_l(hij_l(f(miamj))))>

(m,f)eF

This completes the proof for one direction.

For the converse, suppose X C (P! x ¥ x P1)® is recognized by some
morphism go: (P! x ¥ x P1)® — @ via subset IV C Q. Consider the
map/morphism ¢g: ¥ — POQ defined by g(a) = (gi(a), {(m1,ms) —
ga(my,a,msy)}). For any word u € X% we know u € 071(X) iff 0(u) € X iff
g2(0(u)) € F'. Tt is easy to verify that the map/morphism g induced by g
(cf. Definition [5)) is same as go. Therefore, by Lemma [10, ¢2(0(u)) = ¢(1,1)
if g(u) = (p,q). As a consequence, we get

X =g9""({(p,9) € POQ | q(1,1) € F'})
This completes the proof. O

Example 11. Let ¥ = {a,b}. Recall (see Example [5)) that U; recognizes the
language L, of words in which there is at least one occurence of a. We show
that U;00U; recognizes the language L of words where there is exactly one
occurence of a. Let h: X% — U; be the morphism recognizing the language
Ly as Ly = h71(0), and let 0: ¥ — (U; x ¥ x U;)® be the canonical
transdsucer associated to it. If o(w)[i] = (1,a,1), then by definition of
the transducer, we can say w(i] = a, we; ¢ Ly and ws; ¢ L;. Consider
the language Ly C (U; x X x Up)® of words in which there is at least one
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occurence of the letter (1,a,1) (note that by the behaviour of o, there can be
at most one such letter in the transducer output). Clearly L, is recognized by
U, and L = 07(Ly). Therefore by proposition [, L is recognized by U;0U;.

5. Block Product Closures and FO? Logic

Having set up the block product operation, we now present a characteri-
zation using it. The two variable fragment of first order logic, FO?, has been
studied extensively, particularly in the context of finite words. A block prod-
uct characterization in terms of Uis is established in [I6] over finite words.
In this section, we show that the countable counterpart of the result holds as
well. Before stating the characterization, we need to introduce some closures
of block product iterations, and their properties.

5.1. Iterated and Weakly Iterated Block Product

Block product of @-semigroup is not associative. This is easily evi-
denced by a cardinality argument, for instance between (U;0U;)0U; and
U,0(U,8U04). Thus given a list of @-semigroups, the order of product (equiv-
alently the nesting of brackets) varies the resulting structure.

We define two particular nestings which will be of interest to us. For
a set P of @-semigroups, an iterated block product is defined inductively as
follows:

1. S is an iterated block product for any S € P.

2. If S’ is an iterated block product, then S’C1S is an iterated block prod-
uct for any S € P.

The set of all iterated block products of a set P is denoted by [J*P. For
a singleton set, we drop the set notation. For instance, (U;00U;)0U; €
[(1*U;. For a sequence of @-semigroups Si,...,Sg, we denote its iterated
block product (... ((S105)0S5)...)0S, by O(S1, Ss, ..., Sk)-

The following lemma states that direct product of iterated block products
is simulated by an iterated block product of the same constituents. The proof
follows the corresponding one for classical semigroups (see [15, Appendix

A 4]).
Lemma 11. If M; < O(Sy,...,Sk) and My < O(Sy,...,S]), then

M1><M2—<|:|(S1,...,Sk, 1,,5’;)
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The other important nesting is weakly iterated block product. Given a set P
of @-semigroups, it is defined inductively as follows:

1. S is a weakly iterated block product for any S € P.

2. If §" is a weakly iterated block product, then SIS’ is a weakly iterated
block product for any S € P.

The set of all weakly iterated block products of a set P is denoted by
O P. For instance, U,0(U,0U,) € O U;. For a sequence of é-semigroups
Si,..., Sk, we denote S;0(S:00. .. (Sk_10Sk) ... ), its weakly iterated block
product, by [0, (S1, Sa, - - ., Sk)-

Lemma 12. For any &-semigroups St, ..., Sk, the following holds
(Sl X ... X Skfl)DSk =< Dw(Sl, e Sk>

Proof. This follows from a simple inductive argument on k. For k = 3,
consider the map h: (S; x S3)05; — S10(5500S3) defined by: for any
((s1,82), f) € (S1 x S9)0S3, its image is (s1, f') where for any s,s € Sy,
and any 5, si € Sy

f(5,8") = (s2,{(s5, 85) = f((5,5), (5, 53)) })

It can be verified that h is an injective morphism, thus showing (S; x S5)[1S3
is isomorphic to a sub-®-algebra of [J,,(S1, Sa, S3).
So for k <= 3, the statement holds. Assuming it holds for £ — 1, we get

(Sl X ... X Skfl)DSk < (Sl X ...Sk,g)D(Sk,IDSk)
=< Dw(51, . ,Sk_g, (Sk_lﬂsk))
— O (S1, .., i)

This completes the proof. O

5.2. FO with two variables

We now consider the two variable fragment FO? of first order logic. Over
finite words, FO? can talk about occurrence of letters and also about the
order in which they appear. Over countable linear orderings, it can also
say that there is no maximum position. For example, the following formula
states that every position is labelled by a and there is no maximum position.

(Vo y z < y) A (Vz a(z))
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Analogously, FO? can also talk about words with no minimum position.
However, the two variable fragment is not as expressive as full first order.
FO? satisfies a downward property (similar to Lowenheim-Skolem downward
theorem for first order logic): a satisfiable FO? formula has a scattered satis-
fying model [11]. Therefore, the language in Example[7] which says the linear
ordering is dense and has at least two distinct positions, is not definable in
FO?. We now present a decompositional characterization of FO? languages.
The proof follows the one for finite words in [16].

Theorem 6. A language is definable in FO? if and only if it is recognised by
a weakly iterated block product of Uy.

Proof. The right to left inclusion is via induction on the number of blocks of
U;s. First, observe that languages recognized by a single U; can be defined
in FO?. For the induction step, we utilise Theorem [5| the block product
principle. Let the hypothesis hold for algebra M € 07 U;. We show that a
language L recognized by some morphism h : ¥ — U;LJM can be defined
in FO2. Let 0 : X% — (U; x ¥ x U})® be the transducer associated with
the induced morphism h; : ¥ — U;. From the block product principle, L
can be expressed as a finite boolean combination of languages of the form
Ly and 07! (L,) where L; and Ly are recognized by U; and M respectively.
By the induction hypothesis both L; and L, are FO? definable. So it suffices
to show that for an FO? language Ly over the alphabet (U; x ¥ x Uj) the
language 0~ !(Ls) is also FO? definable. This can be shown via structural
induction on formula over the decorated alphabet; the base case is the non-
trivial case. The following formula accepts o=1(Ly) if Ly is defined by the
formula (0, a,1)(z).

a(:)s)/\(EIyy<x/\ \/ b(y))/\(Vyy>x=> \/ c(y))

ha (b)=0 ha(c)=1

Note that we used only two variables for the above translation. The
other base cases are similar. We apply this translation inductively for other
formulas.

Now we show the left to right inclusion of the proof. First we note
the following observation. Consider p(X), the powerset of the alphabet,
as a ®-monoid where any word u € (p(X))?® is evaluated to the set of
letters present in u. Notice that p(X) is essentially the direct product
of |YX|-many Ujs. There exists a canonical morphism g : ©% — (%)
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such that g(w) = {a | the letter a occurs in w}. The transducer associated
with g is 0 : % = (p(X) x ¥ x p(X2))% where, for a word w, we have
o(w)i] = (g(w<;), wli], g(ws;)) for every position i in dom(w). Observe that
the word o(w) carries, at every position ¢, the information about the set of
letters occuring to the left (as well as right) of ¢ in w.

It is shown in [16] that FO? has a “normal form” where the quantifier at
the maximum depth along with its scope is of the form Jz(a(z) Az < y) or
dx (a(z) A x > y). Our proof is via induction on the quantifier depth and
the number of quantifiers at the maximum depth.

Consider a FO? sentence ¢ in its normal form. Consider a subformula
Jz(a(x) Ax < y) at its maximum quantifier depth. We convert the formula ¢
into a formula ¢ over p(X) x ¥ x p(3) as follows. We substitute the chosen
subformula Jz(a(x) Az < y) by a disjunction of letter formulas (X1, b, ¥2)(y)
where 1,3, C ¥, b € ¥, and a € ¥;. All remaining instances of letter
formula c¢(z) is substituted by disjunction of letter formulas (3, ¢, 3%)(x)
where X}, ¥, C ¥. Tt is easy to verify by structural induction on FO? formulas
that w |= ¢ if and only if o(w) = ¢'. In ¢, either the quantifier depth has
gone down or the number of quantifiers at the maximum depth. Therefore by
induction hypothesis, L(¢') is recognized by M € 0% U;. Note that L(¢) =
o~ (L(¢')). By Proposition [5, we get L(¢) is recognized by p(3)0M which
by Lemma [12]is a weakly iterated block product of Uis. [

6. First Order Logic with Infinitary Quantifiers - FO[oo]

We now move on to characterizing higher classes of logics like first order
logic. In the classical setting, FO has a nice block product based decom-
positional characterization (see [15]). Our next theorem (Theorem 7)) shows
that a similar characterization holds for FO interpreted over countable words.
Next we introduce an extended version of first order logic, namely FO[oo],
that admits nice decompositional characterization using block products. In
fact, the characterization results for FO[oc] subsume those for FO and its
single variable fragment. In this section, our aim is to introduce this new
logic, explain its motivation, and also place it in terms of well studied log-
ics over countable words. We first provide block product characterization of
B-semigroups recognizing FO languages over linear countable orderings.

Theorem 7. A language over countable words is definable in FO if and only
if it is recognized by an iterated block product of Uy s.
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We skip the proof here since this theorem can be seen as a corollary of
Theorem [I0]in the next section.

Our results for FO and its syntactic fragments (see Theorem |3, The-
orem , Theorem |§| and Theorem m ) closely resemble the corresponding
results over finite words. This can be attributed to the limited capability of
the operators 7, 7* and k in the syntactic @-algebra corresponding to FO
languages. For instance, FO cannot define the language of words with infinite
number of a’s [I3] — a natural property in the context of countable words.
The existential quantifier of FO is a threshold counting quantifier; it says
there exists at least one position satisfying a property. Using multiple such
first-order quantifiers, FO can count up to any finite constant but not more.
Over countable words, it is natural to ask for stronger threshold quantifiers.
We introduce natural infinitary extensions of the existential quantifier.

Let Zy be the set of all non-empty finite orderings. For any number
n € N, we define the set Z,, to be the set of all non-empty orderings of the
form .., o; where a; € I,y U {¢} and is closed under finite sum. We
define the infinitary rank (or simply rank) of a linear ordering « (denoted by
oo-rank(a)) as the least n (if it exists) where o € Z,,. If there is no such n we
say that the rank is infinite. For example, oo-rank(w) = oo-rank(w + w) =
oo-rank(w* + w) = 1, co-rank(w?) = oo-rank(w? + w*) = 2, and the rank of
n = (Q, <) is infinite.

We introduce the logic FO[oo] extending FO with infinitary quantifiers:

p:=a(z)|z<y|eVe|p|Irxp|Ixp|... |z e]|... neN

Note that all the variables are first order and they are interpreted as positions,
that is, elements of the underlying linear ordering. More precisely, models
of FO[oo] formula are of the form w, A where w is a countable word over
¥ and A is an assignment of free (or unquantified) variables to positions in
w. The semantics of the new infinitary quantifier 37z is: for a word w
and an assignment A, we say w, A | 3°x ¢ if there exists a subordering
X C dom(w) such that co-rank(X) = n and w, Alx =i] | ¢ for all i € X.
Here Az = i] denotes an assignment A" which is defined as: A’(z) = ¢ and
A'(y) = A(y) for all y # x. For example, 3°°z ¢ is equivalent to Iz ¢
since both formulas are true if and only if there is at least one satisfying
assignment for . The rest of the semantics is standard.

The logic FO[(00;),<,] denotes the fragment containing only the infinitary
quantifiers 3%z for all j < n. Clearly the following natural hierarchy is
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maintained among the logics:
FO = FO[(00;)<0] € FO[(00;);<1] € FO[(00;),<2] C ...

We also denote by FO'[(oc;);<n] the corresponding one variable fragment of
FO[(00;)j<n]-

Example 12. The formula 3%z a(x) denotes the set of all countable words

with infinitely many positions labelled a. Since FO cannot express this, it
shows FO C FO[(00,);<1]-

Example 13. Consider the language L of all words with a“a“” as a factor.
Suppose we have a formula inf (z, y) that can express that there are infinitely
many positions between z and y (assuming x < y). We define L using this
formula as follows. Guess two ‘endpoints’ = and y of the factor a¥a*”. We
express the following properties for the positions in this non-empty interval:
(1) every position is labelled a, (2) every position is finite distance away
from one endpoint and infinite distance away from the other, (3) the points
that are finite distance away from the left endpoint have no maximum, and
(4) the points that are finite distance away from the right endpoint have no
minimum.

L (z,y) n=Vz o < z<y=a(z)

2. Po(x,y) n=Vz o < z <y = (—inf(z,2) A inf(z,y)) V (inf(z, 2) A
~int(2,y))

3. Ys(x,y) i=Vz (r < z <yA-inf(z,2)) = 32 2 < 2/ < yA-inf(z,2)
4. YPy(z,y) i=Vz (r < z < yA-inf(z,y)) = 32’ = < 2/ < 2z A—-inf (2, y)

The sentence Jz3y x < y Ay (x,y) Abe(x,y) Abs(z, y) Aby(z,y) defines the
language L. It is easy to check that 3"z x < z < y expresses the property
inf(z,y). Therefore L is FO[oo] definable.

We now place the logic FO[oo] amidst the logics studied in the context
of countable words [10, [19]. The logic FO[cut] is an extension of FO that
allows quantification over downward closed sets, also known as Dedekind-
cuts. Syntactically, we write 3., X to existentially quantify a set X where
X is downward closed because of the quantifier. The logic WMSO allows
quantification over finite subsets of positions. We write V¢;, X to universally
quantify over finite sets; here X is a finite set because of the quantifier.
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Example 14. Let a be an ordering which contains an w sequence of positions
(a;)ien. Now consider the set X = {z € a | * < qa; for some i € N}.
It is clearly a downward closed set and thus defines a cut. Furthermore
this set has no maximum position, since for any = € X, if x < a; then
there exists z € X where z < a; < 2z < a;11. Therefore we have shown
that any ordering containing an w sequence of positions contains a right-
open cut (that is, the downward closed set corresponding to the cut has no
maximum element). Conversely, if an ordering contains a right-open cut,
then clearly it has an w sequence of positions. Therefore the FO[cut] formula
X Jz X (2) AVy X(y) = Fz X(2) Ay < z describes the language of all
countable words containing an w sequence of positions.

Example 15. Recall from Example 13| the formula inf(z,y) that expresses
there are infinitely many positions between x and y (assuming = < y). It was
shown that the language L of all words with a*a®” as a factor is definable
if inf(z,y) is definable. Now note that inf(x,y) can be defined in WMSO
as Vs X d2 < 2 < y A = X(2). Therefore L is WMSO definable. It is
also possible to define inf(z,y) in FOlcut] because if there are infinitely
many positions between x and y then there must be an w sequence or an w*
sequence of positions in this interval, and FO|cut] can guess an appropriate
cut between x and y to check this. So L is also FOl[cut] definable.

In fact, we claim that both first order logic with cuts (FOl[cut]) and weak
monadic second order logic (WMSO) can define all the languages definable
in FO[oo].

Theorem 8. FO[oo] C FO[cut] N WMSO [

Proof. We first show by structural induction that there is an equivalent
WMSO formula for any FO[oco] formula. It is easy to observe that the hy-
pothesis holds for the atomic case, first order quantification and boolean
combinations. Let us consider the formula ¢ = 3%z ¢(x). By our in-
ductive hypothesis there is a WMSO formula () equivalent to (). We
show that the WMSO formula ¥, inductively defined is equivalent to ¢: Let

Uy := Jz ¢(z) and

U, ::= For any finite set X = {x1,..., 24} , one of the factors [—, zq],...,

[z, xi11], - .., [xk, —] can be split into at least two parts each satisfying ¥,,_;

2Here, FO[oc], FO[cut], WMSO denote the languages defined by the respective logic.

36



965

966

967

968

969

970

971

972

973

This can be expressed in WMSO. Note notempty(X) = Jx X (x) says that
X is not empty set. Let consec(X,x,y) express that z,y € X and z < y
and there is no z € X such that x < 2z < y; that is x and y are consecutive
in set X. Let min(X,x) denote that x is the minimum position in X, and
max(X, z) denote that x is the maximum position in X. Then we define ¥,
to be

Y pinX (notempty(X) =

dz,y,z consec(X,z,y) Ne < 2 <y AV, 4[>z, <z AV, 4[> z2,<y]) V
Jz,z (min(X,2) Az <z AV, 4[> 2, <z AT, 4[< 2]) V

Jz, 2 (max(X,2) Az < 2 AW, 4[>z, < 2] AW, 4[> z]))

We claim that W, is satisfied by all words where the v-labelled set of positions
« has oo-rank(a) > n. It is clearly true for the base case ¥y. Assume the
hypothesis is true for all j < n. The formula V¥, says that for any finite
number of partitions aq, s, ..., ag, of the y-labelled set of positions «, there
is at least one «; that can be split into two parts containing v-labelled set of
positions a; and o? such that co-rank(a}) > n—1 and oo-rank(a?) > n —1.
In short, finite partitioning of ¢-labelled set of positions with rank n — 1 is
not possible or oco-rank(a) > n. Therefore the formula Wy is equivalent to
the formula ¢.

Next we give an FO[cut] formula equivalent to an FO[oo] formula. Like
in the previous proof, let us look at the case ¢ = Iz (x) where ¥(z) is
equivalent to an FO[cut] formula ¢ (z). We show ¢ is equivalent to @, where
®,, is inductively defined as: @, ::= 3z ¢)(x) and P, is

There is a cut towards which there is an w (or w*) sequence

of factors each satisfying ®,,_;

Let X be a non-empty cut. We give an FOlcut] formula omegaseq(X) that
says there is an w sequence of factors satisfying ®,_; approaching towards
the cut X.

omegaseq(X) :=Vy X(y) = Iz X(2) Ay < zA D, 4[>y, < 2]

The formula says there is an w sequence of positions such that each factor
between consecutive positions contains w-labelled subsequence of rank >
n — 1. Similarly, there is a formula omegaseq®*(X) that state the existence of
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an w* sequence approaching the cut. The formula ®,, will guess this cut and
verify the w or w* sequence is non-empty as given below.

&, = 3. X (Jdz X(x) A omegaseq(X)| V (Jz —-X(z) A omegaseq™ (X
gaseq gaseq

Inductively arguing about the correctness of the formula, it’s quite clear that
®,, expresses existence of set of y-labelled positions of rank > n. n

7. Product Decompositions for FO[oo]

We now apply our algebraic tools to give decompositional characteriza-
tions of FO[oo] and its one variable fragments. Our approach uses the block
product principle that we developed in subsection to directly show equiv-
alence of languages definable in some logic and languages recognized by some
family of &-semigroups.

We first identify a family of simple ®-algebras that will help characterize
the logic. For n > 0, let A, = ({1,00,01,...,0n},, 7, 7%, k) be an ®-algebra
where

® 0;-0;,=0;-0;,=0d;forall0<i<j<n

*

o 0, =0, =0 forall0 <k <n,andd,” =0, =6,
o S® =90, for all S\{1} #0

It is easy to verify that A, is an idempotent and commutative ®-algebra.
Further, observe that A, is generated by the element dy.

7.1. FO[oo] with single variable

In this subsection we show that languages recognized by A,, are definable
in FO'[(00;)j<n). It easily follows that the direct product of A, recognize
exactly those languages definable in the one variable fragment, which is our
next theorem.

Theorem 9. Languages recognized by direct product of A,, are exactly those
definable in FO'[(00;) <n)-

Proof. We first show that languages recognized by A, are those definable
in FO'[(00;)j<n]. In this proof, we adopt the convention that 1 = J§_;.
Let h: X% — A, be a morphism. It suffices to show that for any element
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6m € A, h™1(6,,) is definable in FO'[(00;)j<n]. Let tm denote the set {5, |
m' > m}. Note that for any 8,, # 0,, b1 (6,,) = A1 (tm) \ A= (T(m + 1)).
Also h™1(8,) = h™*(Tn). Therefore, it is sufficient to show that h~1(tm) is
definable in FO'[(00;) <n)-

For each m = {—1,0,...,n}, we define the language L(m) as the set of
all words with at least one of the following two properties

e there exists a letter a in w such that h(a) € tm

e there is a nonempty subordering o C dom(w) whose all positions are
labelled a, the co-rank of « is j, h(a) = 0; #0_1 and i +j > m

The following FO'[(00;) <] sentence defines the language L(m).

\/ dzr a(z) V \/ Iz a(x)
a€X, h(a)etm a€X, h(a)=6;#1
i+j>m
We show that L(m) = h~'(tm) by induction on the m. For m = —1, this
clearly holds as t{—1} = A,, and therefore h='(1{—1}) = X%, and also
L(—1) = X£%. To prove the induction hypothesis assume the claim holds for
all m" < m. Consider a word w. By a second induction on the height of an
evaluation tree (7', h) for w we show for all words v € T', v € h™(1m) if and
only if v € L(m). In each of the following cases we assume that the children
of the node (if they exist) satisfy the second induction hypothesis.

1. Case v is a letter: The hypothesis clearly holds

2. Case v is a concatenation of two words v; and vy: There are two cases
to consider - {vy,v2} NA™1(tm) # () or not. In the first case, let for an
i € {1,2} we have h(v;) € tm and v; € L(m). Clearly h(v) = h(vive) €
tm and v € L(m). For the second case, let us assume h(vy) = d,,, and
h(vy) = dp, such that my < my < m and both vy, vy ¢ L(m). From the
definition of A, it follows that h(v) = h(vivy) = d,,,. For any a € X,
let the a-labelled suborderings in v; and vy be a; and «s respectively
where oco-rank(a;) < oo-rank(az) = j. It follows from the definition
that oo-rank(a; + aa) = j and therefore v ¢ L(m).

3. Case v is an w-sequence of words (vy, va, ..., ) such that h(v;) = &, for
all 7, and J,, is an idempotent (in A,, all elements are idempotents):
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Firstly, if m’ > m and v; € L(m) then clearly h(v) € Tm and v €
L(m). The non-trivial case is m’ = m — 1. From the second induction
hypothesis v; ¢ L(m) for all i. If 6, = 1, then h(v) = 1 ¢ |m and
v ¢ L(m). Otherwise from the definition of A,, h(v) = (d)” = O,
and each factor v; contains some letter mapping to non-neutral elements
of A,,. We need to show that v € L(m). By first induction hypothesis,
each v; has a letter a; and an a;-labelled set of positions «; such that
h(a;) = o, and oo-rank(c;) = k. such that k; + k; > m/. Since |¥] is
finite, w-many of these a;s are the same letter, say a. Let h(a) = Jj.
Then for all ¢ such that a; = a, we know oo-rank(c;) > k' where
k+ k' > m'. Hence the a-labelled set of positions a =}, _ «a;inv
satisfies co-rank(a) > k' +1, and since k+k'+1 > m we get v € L(m).

4. Case v is an w*-sequence: This case is symmetric to the above case.

5. Case v is [[;c, vi, [Lic, M(vi) is a perfect shuffle of {h(v;)|i € n} =S
and h(v) = S”": It is easy to see that the induction hypothesis holds
if $ = {1}. So, assume S\{1} # (). Hence h(v) = §,. Since, there
are n-many of children u where h(u) # 1, there is a letter a such that
h(a) # 1 and a-labelled set of positions in v has infinite co-rank. Thus

v € L(n).

For the other direction, note that A, recognizes the language 3%z (a(z) V
b(x)) for i < n by the morphism h(a) = h(b) = d,_; and for ¢ ¢ {a,b}, h(c) =
1; the language then is h=1(d,). The proof follows from the fact that a one
variable quantifier free formula is essentially a disjunction of letter predicates
and therefore the boolean combination of sentences can be recognized by
direct products of A,,. n

We now provide an equational algebraic characterization of the syntactic
®-algebras of languages definable in FO'[(00;)j<,]. This is achieved by for-
mulating an equational description of algebras which divide direct product
of A,,.

We begin with the definition of a shuffle-n-symmetric-trivial algebra. We
say that a @-algebra (M, -, 7, 7%, k) is shuffle-n-symmetric-trivial if M satisfies
the following identities: 1) z -z = = — every element of M is idempotent,
2) 2.y = y-x — M is commutative, 3) 27 = 27, (zy)” = 27y", and 4)

n n n 0 i+1 i
] -xy -..oxp = {xy,...,2,}" where 27 = x and 27 :<x7) . Note
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that the definition of ‘shuffle-trivial’ from subsection [3.1] matches that of
shuffle-n-symmetric-trivial when n is 0.

Proposition 1. Let M be a finite ®-algebra. Then M divides a direct product
of A, iff M s shuffle-n-symmetric-trivial.

Proof. 1t is clear that A, is shuffle-n-symmetrical trivial and this property
is preserved under direct product and division. This shows that if M divides
a direct product of A, then it is shuffle-n-symmetric-trivial.

For the converse, we fix a shuffle-n-symmetric-trivial M. It is easy to
deduce that, for any element m of M, the subalgebra (m) of M generated
by m is isomorphic to A for some k£ < n. In fact, the underlying set of
(m) consists of elements {1,m = m%m™ = m™,....m™ =m" " = m"}
and the well-defined morphism obtained by sending the generator of Ay to
m provides an isomorphism between A and (m). We also have a morphism
h,, from A, to M which maps the generator of A,, to m such that the image
of h,, is precisely (m).

Let S = {my,ma,...m,} be a generating set of M. An important conse-
quence of shuffle-n-symmetric-triviality of M is that every element of M can
be expressed as m] 'm3” ---m]" where 0 < iy, is,...,%, < n.

We can now construct amap h : [[] A, — M by combining the individual
morphisms h,,, : A, = M as follows:

h((nh na, ... 7np)) = hml (nl)hmz <n2> T hmp(np)

Tk

It can be argued that h is a surjective morphism. We skip the straightforward
details. This shows that M is a homomorphic image of a direct product of
A,, and completes the proof. n

Combining the above proposition with Theorem [0 we conclude that a
language is definable in FO'[(00;);<,] iff its syntactic ®-algebra is shuffle-
n-symmetric trivial. Thus we also obtain a decidable equational algebraic
characterization of the one variable fragment FO'[(00;)j<n].

7.2. Block Product Decompositions for FO[oo]

In this section, we consider the full logic FO[(c0;),<,] and observe that
they define exactly those languages recognized by block products of A,,. First
we show relativizing FO[(00;),<,] formulas with respect to first order vari-
ables works as intended. We'll only use this result for FO[(00;),<,] sentences
though. See [15, Lemma VI.1.3] for a similar proof for FO.
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Lemma 13. Let ¢ € FO[(00;),<n] be a formula. Consider any word w with
an assignment A that maps elements of free(p) to positions less than some
position i € dom(w). If x ¢ free(p), then we can construct a relativized
formula ¢, with free(p<,) = free(v) U {z} such that

w, Alr =] | oz iff wei, A=

Proof. Proof is via structural induction on FO[(00;);<,] formula. We only
show the case for the extended infinitary quantifier. Let ¢ = 3%y . We
note that w.;, A = 3y ¢ if and only if there is a subordering X C
dom(w;) such that co-rank(X) = k and for all j € X, we;, Aly = j| E .
It follows, from the inductive hypothesis, that this is true if and only if
w, Alx = 1] E 3 y(., ANy < x). This completes the proof. O

Theorem 10. The languages defined by FO[(00;),<n| are ezxactly those rec-
ognized by finite block products of A,. Moreover, the languages defined by
FO[oo] are exactly those recognized by finite block products of {A,, | n € N}.

Proof. We first show that languages recognizable by finite block products of
A, are definable in FO[(00;),<,]. The proof is via induction on the number
of A, in an iterated block product. The base case follows from Theorem [9

For the inductive step, consider a morphism h: X% — MOA,,. Let
hi: X% — M be the induced morphism to M, and let ¢ be the associated
transducer. By the block product principle (see Proposition , any language
recognized by h is a boolean combination of languages L; C X recognized by
M and 071 (Ly) where Ly C (M x X x M)® is recognized by A,. By induction
hypothesis, L; is FO[(00;)j<n] definable. By the base case Lq is FO[(00;) <]
definable but over the alphabet M x 3 x M. To complete the proof, one needs
to show for any word w € X% and assignment s, and for any FO[(c0;);<y]
formula ¢ over the alphabet M x 3 x M, there exists a FO[(00;),<,] formula
¢ over the alphabet ¥ such that w,s = ¢ if and only if o(w),s = . For
instance, suppose ¢ = 3%z (my, ¢, my)(x), and inductively ¢,,, (resp. ém,)
are FO[(00;);j<n] sentences characterizing words over X% that are mapped
by hy to my (resp. mg). Then ¢ is I%x ((Pm, )<z A () A (Pmy)>a), Where
(dm, )<z 1s the formula ¢,,, relativized to less than the variable x. This way,
one proves that 0'(Ly) is FO[(00,);<,] definable. This completes the proof
of this direction.

The other direction of the proof is a standard generalization of the proof
for FO in the classical setting [15]. It progresses via structural induction on
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FO[(00)j<n) formulas. We know that FO[oo] has letter and order predicates,
is closed under boolean operations and infinitary existential quantifications.
Inductively we prove that for any FO formula ¢ = ¢(z1,z9,...,2,), the
language L(¢) C (X x {0,1}")® over extended alphabet is recognized by an
iterated block product of Uy. In this proof, we call a word/model valid if the
‘row’ for each variable contains exactly one position labelled 1.

For the base case, let ¢ = a(z). The language of this formula is the set
of all valid words with an occurence of (a,1) (validity of the word enforces
exactly one occurence of (a,1)). Recalling Example [11] one can see that
checking validity of words can be done by direct product of copies of U;LU;.
In particular, the language for a(x) can be recognized by U; x (U;U;) (also
recall Example |5), and by Lemma this divides an iterated block product
of U;s. Similarly, it is easy to show that language defined by = < y is recog-
nized by iterated block products of U;. Boolean combinations of first order
formulas can be inductively recognized by direct product of the algebras for
individual formulas (extra validity checks, if required, for instance, for nega-
tion, can be handled as per our discussion so far). The non-trivial case is
when ¢ = 3%z ) (for i <n). Let L(¢)) C (X x{0,1})® be inductively recog-
nized by h: (X x {0,1})® — M € O*A,, that is, there is a set F' C M such
that h='(F) = L()). We prove that MOA,, recognizes L(¢). Once again we
use the block product principle. Consider two morphisms ¢;: X% — M and
go: (M x X x M)® — A,. Let g1(a) = h((a,0)) and suppose ga((m1,a, ms))
equals &y if my-h((a,1))-my € F, and it equals 1 otherwise. Let o be the trans-
ducer corresponding to g;. We show that w = ¢ if and only if gs(o(w)) = 6;
where j > 4. This would imply L(¢) = o7 (g95" ({8, 6is1,...,6,})) and by
the block product principle, this is recognized by MUA,,.

Let w = ¢. If oy is the set of all positions of w where v is true, then
oo-rank(ay) > i. Let | € ay and w(l) = a. We can split w at the position !
as wiawy and by logic semantics w?(a, 1)w) = ¢ (for any u € X%, we denote
by u’ the word over the same domain with u°[i] = (u[i],0)). If h(w?) = m,
and h(wy) = my, then my - h((a,1)) - my € F. Also, o(w)[l] = (my,a, msy).
So, g» maps every position [ € oy, to dg, and hence gy(o(w)) = 9, for some
j > 4. Conversely, suppose ga(o(w)) = J§; where j > i. Let ag denote the
positions of o(w) for which go maps to dy. Since go maps each letter to dy

or 1, we get oo-rank(cg) > i. Let | € ag. If o(w)[l] = (m1,a,my), then
my - h((a,1)) - mg € F. This means 1 is true at position [ for w. Since [ is
any position in «p, we have that w = ¢. O
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8. No Finite Block Product Basis Results

The main goal of this section is to prove that FO[oo], FO[cut], and the
semantic class FO[cut] N WMSO over countable words do not admit a block
product based characterization which uses only a finite set of @®-algebras
(Theorem . This is achieved by defining a suitable parameter called gap-
nesting-length for @-algebras (Definition @, and our main technical lemma of
this section, Lemma [I8] that shows the parameter value does not increase on
division and block product (for block product, we assume aperiodicity). This
lemma also establishes that the infinite syntactic hierarchy inside FO[oo] to
be strict (Theorem [11]).

The result of Theorem [12]is in stark contrast to our previous result over
FO, Theorem [7] which shows that a language of countable words is FO-
definable if and only if it is recognized by a strong iteration of block product
of copies of the single ®-algebra U; (alternately Ag). In the last section
Theorem (10| shows that FO[oo] has a block product characterization using
the natural infinite basis set {A, }nen. The results in this section prove that
this is optimal.

Fix a finite @-algebra (M,-,7,7* k). For every n € N, we define the
operation v, : M — M which maps z to 7. The inductive definition of
Yy is as follows (recall that idempotent power is denoted by !): 27 = z' and

o = (@) @ )7).

Lemma 14. Let M be a finite ®-algebra. For each m € M, there exists
n € N such that ¥Yn' > n, m"™ = m’,

Proof. Consider the following sequence: ag = m' and a;11 = ((a;)" - (aj)T*)!.
Clearly, a; = m""; we prove this sequence becomes constant beyond a finite
index. By @-algebra axioms z - 27 = 27 and 27 -z = 27 , we get that
@j41 = @j - aj41 = ;41 - aj for all j. This and the fact that every element
of this sequence is an idempotent further implies that for all i < j, we have
A = Qg * Qi1 - .- Ay

Since M is finite, there is an 7 and a j > 4 such that a; = a;. Let us
assume that j is the smallest index strictly larger than ¢ such that a; = a;. It
is sufficient to show that j = ¢+ 1. We know a; = a;-a;_,. Since a; = a;, we
get that a; = a;-aj_1. Ast < j—1, we also know that a;_1 = a;-a;41...aj_1.
Therefore,

Ay = Qi+ Aj—1 = A5~ Aj * Qjq 1 oo Qj—1 = Aj * Qjq1 - Q1 = Aj—1
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By the minimality of j, we get that j — 1 =4, that is, j =7+ 1. O

Definition 6. The gap-nesting-length of a G-algebra M, denoted gnlen(M),
is the smallest n such that for all m € M, m"™ = m+1.

It follows from the previous lemma that a finite @-algebra has a finite gap-
nesting-length. It is a simple computation that, for each k, gnlen(A) = k.
The main technical lemma of this section is Lemma [I8] that states that the
gap-nesting-length parameter does not increase on division and block product
of @-algebras. This is the key to our no-finite-basis theorems. The following
couple of results will help us prove the main lemma.

Lemma 15. Consider ®-algebra M has compatible left and right actions on
®-algebra P. Let m,m' € M and p € P. Then mp™m/' = (mpm/)™

Proof. We first prove that mp'm’ = (mpm’)’. By action axioms (recall
for left action), it is easy to see that mp*m’ = (mpm’)* for any natural
number k£ > 1. Note that there exists k € N such that p* = p' and (mpm/)* =
(mpm')". Then mp'm’ = mpFm’ = (mpm/)* = (mpm')".

The proof is now by induction on n. For n = 0, we have mp™m =
mp'm = (mpm)* = (mpm)™°.

For the inductive step, note that

mp™m’ = m((p=)" - (p=) )/ defn. of ~,
= (m((p=)" - (p=)" )m')
= ((m(™)m) - (m(p™1)" m'))" action axiom for -
= ((m(p™)m)" - (m(p)m')" )" action axiom for 7, 7*
= (((mpm!)" 1) - ((mpm/)™1)" )" induction hypothesis
= ((mpm/)™ defn. of ~,
This completes the proof. O

Lemma 16. Let M and N be two ®-algebras where M has compatible actions
on N. Let (m,n),(m',n') € M x N such that (m,n) = (m',n’)". Then
m = (m')". Further, if M is aperiodif}, then mnm = (mn'm)".

3we say a @-algebra is aperiodic if its underlying semigroup is aperiodic
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Proof. Note that by concatenation rule of semidirect product algebra, we
have (m,n)? = (m? nm + mn). Since (m,n) is an idempotent, we get m =
m?, that is, m € M is an idempotent. Also, we get n = nm + mn which
implies mnm = mnm? + m?nm. Using the fact that m = m?, we get that
mnm is an idempotent in V.

Suppose k € N such that of (m,n) = (m’ ;' )k. An easy calculation shows
that m = (m')* and n = Y25 (m/)'n’ (m/)*~*~1. By our earlier argument, we
know m is an idempotent, so m = (m/')".

If M is aperiodic, then (m') = m for j > k. Hence mnm = (mn'm)*.
Since mnm is an idempotent, we get mnm = (mn'm)". O

Lemma 17. Consider (m, f),(m/, f') € MON such that (m, f) = (m/, f')"
Then m = (m/)™. If M is aperiodic, then mfm = (mjf'm)™

Proof. The proof is by induction on n. For the base case of n = 0, we have
(m, f) = (m/, f')° = (m/, f')!. By Lemma [16, m = (m/)' = (m/) and if M
is aperiodic, mfm = (mf'm)' = (mf'm)*. This proves the base case.

For the inductive step, let (m, f) = (m/, f')™ = ((m/, f/)"1)". Also
let (e,g) = (m/, f)»=1. So (m, f) = (e,¢)". By induction hypothesis, e =
(m/)=1t and m = e implying m = ((m/)™-1)" = (m/)"™. If M is aperiodic,
then by induction hypothesis, ege = (ef’e)’=* and mfm = (mgm)™. Note
that since m = e = (7 - €™ )', we have m - e = e - m = m. Therefore

mjfm = (mgm)"
= (m(ege)m)™
= (e m)™ = ((mf'm) 1) = (mf'm)

This completes the proof. O

We are now ready to state and prove our main technical lemma of this
section.

Lemma 18. Let M and N be two &-algebra.
1. If M divides N then gnlen(M) < gnlen(NV).
2. If M, N are aperiodic then gnlen(MON) < max (gnlen(M ), gnlen(N)).

Proof. 1. If M is a subalgebra of N, then the property is easily verified.
Let’s suppose h: N — M is a surjective morphism, and gnlen(N) = k.
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For any m € M, there exists n € N such that h(n) = m. It is
straightforward to check that m” = h(n") = h(nY+1) = m"+. This
completes the proof for division.

2. Consider aperiodic M and N with max (gnlen(M), gnlen(N)) = k. We
show that gnlen(MON) < k. Note that, for any m € M and any
n e N’ mVk = mV+1 and nk = nVk+1,

Let (m, f) € MON be an arbitrary element. We show that (m, f)"* =
(m, f)™+1. Let (e,g) = (m, f)". Then (e,g)"™ = (m, f)"+. Also by
Lemma e = m”» and ege = (efe)*. Since M and N have gap-
nesting-length less than or equal to k, we get e = m" = m¥+1 = en
and ege = (efe)’ = (efe)™+1 = (ege)”. Now we use the fact that in
any aperiodic @-algebra = 27 implies x = 27 - 27 by the following
argument — x = (z7-27 ) = (2727 ) - (2727 ) = z- (2727 ) = 272" .
Therefore we have e = ™ - ™ and ege = (ege)” + (ege)” . Since (e, g)
is an idempotent by definition of the ~; operation, we get that e is an
idempotent in M. Therefore

(67 g>T ) (67 g>T*

(e7e™, ge"e™ + (egeTe™ ) + (eTeT*ge)T* +e7e” g)
(e.9¢ + (ege)” + (ege)” + eg)

= (e, 9¢ + ege +eg) = (e,9)" = (. 9)

Hence (m, f)™+ = (e,g)" = (e,g) = (m, ). This completes the
proof for the block product operation. n

An important application of Lemma is that the syntactic hierarchy
inside FO[oo] can be shown to be strict.

Theorem 11. FO[(OOj)an] g FO[(OOj)an+1].

Proof. By Theorem , the syntactic @-algebra of any FO[(00,)j<,]-definable
language divides an iterated block product of copies of A,. By Lemma
and the fact that gnlen(Ag) = k, gnlen(M) < n. Note that, A, is the
syntactic ®-algebra for the language L defined by the FO[(00;);<p+1] formula
F°ntix a(x). As gnlen(A, 1) = n+ 1, it follows that L cannot be defined in
FO[(00;)0). .

Finally we present our no-finite-basis theorem.
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Theorem 12. There is no finite basis for a block product based characteri-
zation for any of these logical systems FO[oo], FO[cut], FO[cut] N WMSO.

Proof. Fix one of the logics £ mentioned in the statement of the theorem.
It follows from Theorem |8 and the decidable algebraic characterization (see
[10]) of FO[cut] that the syntactic @-algebras of L£-definable languages are
aperiodic. Now suppose, for contradiction, £ admits a finite basis B of
aperiodic @-algebras for its block product based characterization. Since B is
finite, there exists n € N such that for all G-algebra M in B, gnlen(M) < n.
It follows by Lemma [I§| that the syntactic ®-algebra N of every L-definable
language has the property gnlen(N) < n.

Now consider the language L defined by the FO[oo] sentence 3*"+1z a(x).
By Theorem [§ L is L-definable. Hence, the gap-nesting-length of the syn-
tactic @-algebra K of L is less than or equal to n. However, K is simply
A1 and gnlen(A,41) = n + 1. This leads to a contradiction. O

9. Conclusion

This work provides various equational as well as product-based decom-
positional algebraic characterizations of logical formalisms over countable
words. Towards this, we have developed a seamless integration of the block
product operation into the algebraic framework well suited for the countable
setting.

In fact, we have obtained algebraic characterizations of FO fragments de-
termined by the number of permissible variables. We also generalize Simon’s
theorem on piecewise testable languages by establishing a decidable algebraic
characterization of the Boolean closure of the existential-fragment of FO over
countable words. More importantly, we have enriched FO with new infinitary
quantifiers and established hierarchical block-product based characterization
of the resulting extension FO[oo]. We also show that FO[oco] properties can
be expressed simultaneously in FO[cut] as well as WMSO. We do not know if
the converse also holds. If true, it will provide a syntactic means to describe
the semantic class FO[cut] N WMSO. We have also shown that these natural
logical systems can not have a block-product based characterization using a
finite basis.

An interesting future direction is to obtain natural block product decom-
positions for several sublogics of MSO studied in [I0], in particular that of
FO[cut] and WMSO. This will complement the equational characterizations
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presented there and provide the linkages, in the spirit of the fundamental
Krohn-Rhodes theorem for finite semigroups, between equational and prod-
uct based algebraic characterizations over countable words.
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